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Abstract 

The algebra of observables of planar electrons subject to a constant back- 
ground magnetic field B is given by Ag(R 2 )® Ag(M. 2 ) (9 = — the product of 
two mutually commuting Moyal algebras. It describes the free Hamiltonian and 
the guiding centre coordinates. We argue that Ag(M. 2 ) itself furnishes a repre- 
sentation space for the actions of these two Moyal algebras, and suggest physical 
arguments for this choice of the representation space. We give the proper setup 
to couple the matter fields based on Ag(R. 2 ) to electromagnetic fields which are 
described by the abelian commutative gauge group Q c {U(l)), i.e. gauge fields 
based on ^4o(K 2 ). This enables us to give a manifestly gauge covariant formu- 
lation of integer quantum Hall effect (IQHE). Thus, we can view IQHE as an 
elementary example of interacting quantum topologies, where matter and gauge 
fields based on algebras Ag> with different 8' appear. Two-particle wave functions 
in this approach are based on Ag(M. 2 ) ® Ag(M. 2 ). We find that the full symmetry 
group in IQHE, which is the semi-direct product 5*0(2) k Gc(U(1)) acts on this 
tensor product using the twisted coproduct Ag. Consequently, as we show, many 
particle sectors of each Landau level have twisted statistics. As an example, we 
find the twisted two particle Laughlin wave functions. 
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1 Introduction: Interacting Quantum Topologies 



Classical mechanics on a given spacetime Q is formulated using the commutative 
algebra of smooth functions C°°(T*Q) on the phase space associated to Q. Classical 
topology is encoded in this algebra. In the passage to quantum theory, this algebra 
is deformed to an appropriate noncommutative algebra. If classical topology may be 
identified with the commutative algebra C°°(T*Q), then "quantum topology" can be 
identified with its noncommutative deformation. 

Consider the flat spacetime R d+1 . Its topology is encoded in the commutative 
algebra of smooth functions C°°(R d+1 ) = Ao(M. d+1 ). A deformation of this algebra is 
the Moyal algebra Ag(M. dJrl ). It is generated by the coordinate functions xq,x\,--- , X& 
satisfying 

[XfA 3 • — X^ ~k X v Xp ~k X — i@ [iv • (I) 

The ^-product is defined by 

a* e f3 = ae^^^ v [3, a, (3 G A e (R d+1 ) . (2) 

Much work has recently been done on the formulation of quantum field theories 
using this algebra which may then be identified as the noncommutative or quantum 
topology of spacetime [H El [3] . 

Now, a theory where different sorts of matter and gauge fields are based on al- 
gebras Ae(M. d+1 ) with different is an example of a theory of interacting quantum 
topologies. Theories with such interacting topologies have been developed in [3]. In 
this paper we shall argue that the integer quantum Hall effect (IQHE) provides a 
concrete example of such a system. 

As it is well known, IQHE studies the properties of non-relativistic planar electrons 
subject to a constant background magnetic field B. The algebra of observables in 
IQHE is given by the product of two mutually commuting Moyal algebras Ae(M. 2 ) (g) 
Ag (M 2 ) (9 = — -g)- These Moyal algebras describe the single particle free Hamiltonian 
and the guiding centre coordinates. 

To form the Lagrangian or Hamiltonian it is necessary to multiply the fields. 
Quantum free fields are superpositions of single particle wave functions with operator 
coefficients. Thus in the passage to quantum field theory and multiparticle dynamics, 
we assume that wave functions can be multiplied with each other and hence form 
elements of an algebra. (More precisely it is the space of test functions of quantum 
fields which form an algebra). In conventional treatment of IQHE, this algebra is the 
commutative algebra ,4o(^ 2 )- It is the algebra appropriate for M 2 as the spatial slice. 
Thus the algebra associated with the wave function reflect the spatial topology. 

However, with only finitely many Landau levels accessible, the algebra of ob- 
servables is Moyal algebra times a finite-dimensional matrix algebra. The latter are 
formed of matrices acting on the finite-dimensional vector space of accessible Landau 
levels. From this algebra of observables it is not possible to recover the algebra of 
smooth functions .Ao(^ 2 )- Thus we have only the guiding centre algebra to probe the 
spatial location in IQHE. We must accept it as the effective spatial algebra for IQHE. 

It follows that the algebra of wave functions, which describe the properties of the 
spatial slice, is appropriately chosen as the Moyal algebra Ao(M. 2 ). 

Guided by these considerations, in this paper we assume that the spatial slices 
are described by the algebra Ae(M. 2 ) of the guiding centre and demonstrate (as is 
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necessary for consistency) that Ae(M. 2 ) itself furnishes a representation space for the 
actions of the observables of IQHE. We give the proper setup to couple the matter 
fields based on Aq(M. 2 ) to electromagnetic fields which are of course described by the 
abelian commutative gauge group Q C (U(1)). This enables us to give a manifestly 
gauge covariant formulation of IQHE. Thus, we can view IQHE as an elementary 
example of interacting quantum topologies, where different sorts of matter and gauge 
fields based on algebras Agi with different values of 9' appear. 

Single particle wave functions in this approach are the same as those that come out 
of the standard treatment, but at the level of many particle states and/or quantum 
field theory, there is indeed a difference. iV-particle wave functions are based on the 
TV- fold tensor product <8>at-4.0(IR 2 ). We find that the full symmetry group in IQHE, 
which is the semi-direct product SO (2) x Q C (U(1)), acts on such tensor products by 
the twisted coproductfj] Ag. Consequently, we find that the iV-particle sectors of each 
Landau level have twisted statistics [See, [H [2] for a detailed discussion of twisted 
statistics on ^4g(M d+1 )]. As an example, we explicitly work out the the twisted two 
particle Laughlin wave functions. 



2 Planar Electrons 

Consider a single electron in a plane, moving in a magnetic field B perpendicular to 
the plane. In the symmetric gauge, the gauge potential for the magnetic field is given 
by 

B 

A a = —e a bUb, (3) 

where y a denote the coordinate on the plane with a,b = 1,2 and sum over the repeated 
indices is assumed. The Lagrangian for the electron of mass m moving in the plane 
in the presence of the field B is given by 

L = -my a - —e ab y a y b (4) 
The momentum conjugate to the coordinate y a is given by 

Pa = my a —eabVb- (5) 



We can equivalently write 



& fulfill 



Va = — e ab£b, (6) 

2m 

2 

£b = Vb + Jg e cbPc ■ (7) 



[£«,&] = -*fca6, 9 = ~. (8) 

eB 



lr The concept of Drinfel'd twisted symmetries was first introduced in the context of Groenewold- 
Moyal spacetimes in kt, 5 , 6 , where it was utilized to define twisted Poincare and diffeomorphism 
groups as symmetries on Ag(HL 
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The Hamiltonian is given by 
It describes a harmonic oscillator with the energy eigenvalues E = (n + ^) u with 

LO = SR. 
m 

The guiding centre coordinates for the electron are defined by 

2 

X a = Va ^e ba p b , (10) 

eB 

and they satisfy the commutation relations 

[X a ,X b ]=i0e ab . (11) 

It is easy to see that 

[X a ,tb]=0. (12) 

Hence, X a and £ a form a basis for two mutually commuting Moyal algebras which we 
will denote by Ag and Aff respectively from now on. 

An irreducible representation space for the actions of £ a and X a is Ae(M?). It has 
the ^-product: 

f*g = fei 9£ ^^»g, f,geA e (R 2 ). (13) 

X and £ act on Ag(R 2 ) by left and right * multiplication, respectively. Thus for any 
a G Ae(R 2 ) we have 

X a a = x a *a, (14) 
£ a a = a*x a . (15) 

Thus, Ae(R 2 ) is a left module under the action p(A@) and right module under the 
action of p(A^), where p denotes representations of (Ag' R ). 

We emphasize that we treat ^(M 2 ) as a module algebra : besides carrying the 
the representation of the observables, it is itself an algebra, we will have further 
comments on this approach and its comparison with the standard approach below. 

For the formulation of quantum theory, we need also a scalar product on Ae(M?), 
the completion of ^(M 2 ) in this scalar product giving the Hilbert space H of the 
theory. This scalar product can be taken to be the conventional one: 

(a,P) = J d 2 xa(x)[3(x) , a , (3 e A 9 (R 2 ) . (16) 

X a and £{, are self-adjoint for this scalar product, as they should be. 

Remark: Aq(M. 2 ) is the algebra of operators on L 2 (M. 2 ), the algebra generated by 
a position x and a momentum p. It is spanned by \m)(n\ where \m) for example is 
the m th harmonic oscillator state. If N Landau levels are filled, we can restrict n to 
n < N. 

Before closing this section, we note that there is no difference between our treat- 
ment and the standard one based on „4o(^ 2 ) for single particle dynamics. This will 
be explicitly verified in section 4.1. 
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3 Quantum Hall System as a Model of Interacting Quan- 
tum Topologies 

In QHE on a plane, besides translational symmetry electrons possess rotational sym- 
metry about the perpendicular axis. S0(2) spatial rotations acts on X a , £ a in the 
usual way: 

X a ^K ab X b , Z a ^K ab t b , 1Z^S0{2). (17) 
This action is an automorphism of Aq(M?) since, 

TleTZ T = e, (18) 

and we can explicitly check for example that: 

[TZacX c ,TZ bd X d ] = i9TZ ac TZ bd e cd = iOe ab ■ (19) 

What is the coproduct A on SO (2)? If fj,g is the multiplication map on Ag(M?), 
then 

where 

jr-i = e iS M «„ ; (21) 

and 

m (f®g)=f-g, (22) 

is the pointwise multiplication in ^4o(l^ 2 ) • 

In order for A to be consistent with the multiplication map on A e (R 2 ), it must 
satisfy 

(j, e (A(n)(f®g))=K(f*g). (23) 

Let us now note that the SO(2) invariance of e implies that any coproduct A / 
satisfying 

\,{n)=F e ,{n®n)F-, 1 , (24) 

fulfills (p3|). 

So the natural question that arises is: how can we fix 9 ?. This question can be 
successfully answered by studying the gauge symmetry of the system. 

In QHE, in addition to the i?-field perpendicular to the plane, we need to couple 
the system to an electric field in the plane (at least to see the Hall current). These fields 
couple to the commuting coordinate y a , with the conventional covariant derivative, 

d 

D a = — + ie A a (y) + ie S a {y) . (25) 

OVa 

Here A a is the gauge potential generating the perpendicular magnetic field B, 

B . . 

A a = —e a b Vb , (26) 

as defined previously, and S a is the additional potential in the 1 — 2 plane. 
D a transform under the commutative gauge group Q C {U{\)) as 

b a ^U{y)D a U{ y y l . (27) 



5 



It follows that we can keep A a fixed and transform D a := D a — ieA a (y) as follows: 

D a := + ieS a -» U{y)D a U(y)- 1 . (28) 
oy a 

We can now write down the action of D a on Ag(M. 2 ). We can express the commu- 
tative coordinate as [3] 

y a = \(X a + i a ). (29) 
Therefore, if <f> G A(^ 2 ) is a charged field, it transforms under Q C (U(1)) as 

</>(x) -> U(X a + £ a )0(x) . (30) 

Here 

(X a + Ca)^(^) <f>(x) + <t>{x) *x a = 2x a ip(x) , (31) 

where 

x a (x) = x a . (32) 
Thus the covariant derivative of 4>(x) is given as 

dfj,(p(x) + ie(A li <p)(x) = d^(x) + ieA^x^x) . (33) 

It is necessary that, we couple quantum fields ipg with U(l) charge to construct 
interactions. We should be able to form a charge-neutral Hamiltonian and charge 
densities by multiplying ^'s and ifie's. Thus, if ipg is a charged field, we have to know 
how to consistently gauge transform ipg* ipg, ipg* tpg etc. 

The requirement that 

fie (A(W)V<? ® fa) = Ufa * ijfe) (34) 

uniquely fixes the coproduct A for the gauge group as 

A = Ag , A e (U) = F e {U ® U)T e x . (35) 

We can now go back to the implementation of SO (2) rotations on Ag(M. 2 ). The 
group SO (2) acts on Q C (U(1)). Therefore, the full group is the semi-direct product 

SO{2) x Gc(U{l)). (36) 

Thus, the coproduct must preserve this group structure. Consequently, if Ag is the 
coproduct for Q C (U(1)), it is the same for 50(2): 

A e {K) =Fe(n®n)fg 1 . (37) 

Thus, the preceding discussion gives a manifestly gauge covariant formulation of 
integer QHE with a unique choice of the coproduct. 
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4 Twisted Laughlin States 
4.1 Landau Levels 

The eigenstates for the single particle Hamiltonian ([9]) are the Landau levels and they 
can easily be constructed in the preceding formalism. We give a very brief account 
of this for completeness. 

We start with forming the complex combinations 

£ = 6 + *£2, £ = (38) 

X = X 1 + iX 2 , X = X 1 -iX 2 . (39) 

The lowest Landau level (LLL) condition for a wave function a G Ag(M?) is then 
given as 

£a = a* z = , (40) 

where z = x\ — ix%. Expanding the star product we find the first order differential 
equation 

(d z + ~z)a(z,z)=0, (41) 
whose solutions are of the form 

a (z,z) = X(z)e~ 2 o^ 2 , (42) 

where A is an arbitrary analytic function. 

Higher Landau levels can be constructed by acting on e~e' z ' by powers of £ and 
X. In this way the n th Landau level is given by 

I"f e -§W 2 = z n * e"i |z|2 * z n = C n L n (z, z)e-i |z|2 , (43) 

where L n is the Laguerre polynomial and C n is a constant. 

The levels with fixed angular momentum in each Landau level can also be deter- 
mined. In LLL the angular momentum state is given by the condition 

Xao(z, z) = z * ao(z, z) = , (44) 

which is solved by A(£) = constant. The state with angular momentum £ is then 
constructed by 

X e ao(z, z) = z-kz ■ ■ ■ * z^ -kao(z, z) = z * ao(z, z) = Diz e ao(z, z) , (45) 

l— times 

where Dp is a constant. 

States with fixed angular momentum in higher Landau levels are constructed in 
a similar manner. We observe that all these results are in agreement with those of 
the standard treatments [7]. 
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4.2 Twisted Statistics 



The total symmetry group SO (2) x Q C (U(1)) acts on the products of wave functions 
by the twisted coproduct Ag. Consequently, many particle states must have twisted 
statistics. Let us see how this comes about [I] PJ. (See also the earlier work of Oeckl 

The space of single particle wave functions are elements of the module algebra 
Ag. Hence the space of ra-particle wave functions is associated with the n-fold tensor 
product Ag® Ag ® • • • ® Ae. 

Let us be more concrete. Let xi, X2 £ A$ and consider \i ® X2 and %i ® Xi- The 
standard flip map is defined by tq{\\ <8> X2) = X2 ® Xi- But, tq does not commute 
with Ag and thus it is not possible to use it to construct irreducible subspaces of Ag. 
However, it can be shown that the twisted flip operator Tg = Tgr^T^^ = {!Fq 1 ) 2 tq 
satisfies 

[Tg,FgA(g)F e - 1 ]=0, r £ = 1 . (46) 

where g is an element of SO(2) ix Q C (U(1)). Assuming that Tg is superselected (as is 
the case for 9 = 0), we infer from (|46p that the irreducible subspaces for Ag(g) are 
given by 

xf = ^f i (xi®X2). (47) 

These subspaces define the generalized bosons and fermions for the upper and the 
lower signs, respectively. 



4.3 Twisted Laughlin Wave Functions 

In the ordinary formulation of IQHE with filling factor v = 1, the Laughlin wave 
functions for iV-particle state is given by the totally antisymmetric tensor product of 
the single particle wave functions at positions z\, ■ ■ ■ ,zn and with angular momentum 
taking the values I = • • • N — 1. 

Let us now see how N = 2 state is twisted by applying the results of the previous 
subsection. Let us use the convention that the first slot in the two fold tensor product 
of single particle states belongs to the first particle and the second slot belongs to the 
second particle. Next, following [3], we introduce these labels into the Drinfel'd twist 
element: 

Now we compute the twisted two particle state. Given that the single particle 
states (up to overall normalizations) are the angular momentum 0, 1 Laughlin states 

2 I |2 2 1 1 2 

e~«' z ! and ze~o' z ' respectively, we have, for the twisted two particle state, 

-t= (e-H^I 2 ® z 2 e~ 2 o^ 2 - Fg 2 z ie -I^ 2 8) e-H^I 2 ) (49) 
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The second term in this expression can be computed rather easily. We have 



= — (fl^ ® i) e t(2i8*a-*i®ai) e -tl*il a e -f H a ( 50 ) 

= (fi ® 1 + 1 ® 2z 2 )e^ 5l ^ 2 - Zl02 " 2) e-i |zi12 ® e ~f I* 2 ! 2 . 

where in passing from the second line to the third line we have used the fact that 
d Zl ® 1 and J-q commutes. Inserting this back into (149 j) we find 

Kzus^a-z!®^)^ „-l]zi] 2 m„-fM 2 



;i®z 2 )-(zi®l + l®2z 2 )e«^ l6522 - Zl ^ 2j Je-9 |211 ® e~* |Za| . (51) 
Consider now the wave function for two angular momentum zero states. We have 
i= (e-§W 2 ® e-ll 22 ! 2 - ^- 2 e-H 2l l 2 ® e -§l Z2 l 2 ) . (52) 

Without the .T 7 ^ 2 this two particle state would have vanished; whereas now we have, 
Tfe-^ ® e -f N a = e f (3i«8«-»««) e -||*i| a s e -§M a . (53) 
So for (|52l) we find 



The wave functions in (|5ip and (|54p are not normalized. But, normalization 
constants can be computed in a straightforward manner. 

Finally, we note that although states like Tq 1 ("^p 1 ) (Xl ® X2) are eigenstates 
of Tg for eigenvalue —1, the map xi ® X2 - ► -T^ 1 (^~2 Il! ') ® does not give 
states transforming under Ag(TZ). That is because .T 7 ^ 1 (^ m ) does not commute 
with A e (TZ): 



5 Conclusion and Outlook 

In this paper we have shown that the Moyal plane Ag(M. 2 ) itself furnishes an irre- 
ducible representation space for the actions of the algebra of observables in the IQHE. 
Using this result, we have given a manifestly gauge covariant formulation of IQHE. 
From the perspective of quantum field theory our results can be understood as follows. 
At the level of single particle wave functions our results are in complete agreement 
with the conventional treatment based on the commutative algebra .Ao(^ 2 )- However, 
at the level of multiparticles, or quantum field theory, our results indeed differ from 
that of the conventional treatments. This fact is manifestly reflected in the form of 
the multi-particle wave functions we have found in section 4.3. Possible effects of this 
new formulation on observable quantities such as energy and the Hall current, as well 
as the implementation of twisted discrete symmetries such as parity and time reversal 
in this system, are under investigation. 
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